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Abstract

Under relatively general particle and rocket frame motions, it is shown that, for special
relativity, the basic concepts can be formulated and the basic properties deduced using
only arithmetic. Particular attention is directed toward velocity, acceleration, proper
time, momentum, energy, and 4-vectors in both space-time and Minkowski space, and to
relativistic generalizations of Newton’s second law. The resulting mathematical simplifi-
cation is not only completely compatible with modern computer technology, but it
yields dynamical equations that can be solved directly by such computers. Particular
applications of the numerical equations, which are either Lorentz invariant or are directly
related to Lorentz-invariant formulas, are made to the study of a relativistic harmonic
oscillator and to the motion of an electric particle in a magnetic field.

1. Introduction

The current availability of high-speed computer technology has motivated
the study of compatible, arithmetic models (Cadzow, 1970; Greenspan, 1974;
Mehta, 1967; Miller et al., 1972; Pasta and Ulam, 1959; LaBudde and
Greenspan, 1974). Recently, for example (Greenspan, 19745 LaBudde and
Greenspan, 1974), it has been shown that symmetry and all the conservation
laws of Newtonian dynamics have an arithmetic basis. The aim of the present
paper is to show that special relativity also has an arithmetic basis in that
symmetry, conservation of linear momentum, conservation of energy, the
Einstein rest energy equation, and the direct relationship between the displace-
ment vector and the momentum-energy vector can all be deduced using only
arithmetic formulas for basic physical quantities. Moreover, we will show
how to apply the resulting Lorentz invariant numerical formulas to the solu-
tion of problems that are not solvable by classical mathematical method-
ology.

2. Basics

For simplicity only, let us consider two Euclidean coordinate systems XYZ
and X'Y'Z' which at some initial time coincide. Let the X'Y'Z’ system, called
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558 DONALD GREENSPAN

the rocket frame, be in constant uniform motion with respect to the XYZ
frame, called the lab frame. Let this constant relative velocity be u = (uy, t, 43).

For 7, = 0, let an observer in the lab frame make observations at the successive
times #;, k = 0,1,2, . . .. Using an identical, synchronized clock, let an observer
in the rocket frame make observations at the times #, k = 0,1,2, . . ., where
#;, on the rocket clock corresponds to #; on the lab clock.

If particle P is at (xg, yx, 2x) in the lab frame at time #, while it is at ks Voo Z1)
in the rocket frame at time fz, then we call Xz, yx, 2, f the space-time co-
ordinates of event (Xg, ¥, Zk, fx) in the lab frame, and, correspondingly, call
Xk, Vi, Zk» 11, the space-time coordinates of event (xk, ¥k, Zk, %) in the rocket
frame. The space-time coordinates of the lab and the rocket frames are related
by the Lorentz transformation, which is a linear algebraic relationship given as
follows. Let

B = (B, B2, B3) =ufc 2.1
u? =up? u? +ugt =B+ B+ 6= 22)
y=(1-y"? (2.3)

where ¢ is the speed of light. Let

X x;f
Yk ' Y
1 = ’ Iy = f 2.4
2l Ll P 24)
I I

Then the Lorentz transformation & = (&) is given (Arzelies, 1966, p. 74) by

1']:7 = gl‘k (2.5)
where
2 2 2
2 Y . x
1+ Py 51527_{_1 131537+1 cByy
2 2 2
Y 2 7 Y
L + LA L _
51ﬁz7+1 1+8, o ﬁzﬁ37+1 cByy
(L) = v ¥ 7
[ — 1+8; —— —
8165 b B3 Y1 B3 Y1 cByy
B4 Bs Bs
- -= -= Y
c c ¢
(2.6)

The transformation (2.6) is convenient from the physical point of view.
From the geometric point of view, a more convenient form can be given as
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follows. Let new coordinates, called Minkowski coordinates (Arzelies, 1966,
Chap. X) be defined by

X1,k = Xk, X2, k = Vi X3, &k T Zks Xa, k = Clx

’ —t ’ — 0 ’ U i T (27)
X1, 1 =X X2, k& = Vo X3, k T Zks Xa, k T ICI
!

If X1, % X1,k

X Kk , X2k
- 4 R = x’ (28)

Rk .X'3’ % s k 3;’ k

X4 k X4, k /

then the Lorentz transformation L = (L) is given (Arzelies, 1966, p. 74) by

R;C = LRk (2-9)
where
2 2 2
Y Y Y .
+6,2 — A —_
6 S B B iBry
2 2 2
Y Y Y .
BBy —— 1487 ——  Bofs — By
y+1 y+1 y+l
(Llj) = 72 ’}/2 ’yz (2.10)
L - 1+8.2 1 ;
G183 ey B263 T+ Bs S¥1 B3y
—ifyy —iByy —iB3yy Y
With regard to (2.10), note that
a4
2 Lilij =8 (2.11)
i=1
4
'21 Ljiljx =68; (2.12)
j=

where &; j is the Kronecker §, and that
LTL=LLT =1 (2.13)

where LT is the transpose of L and 7 is the identity.
Note also that the classical relativistic implications of the Lorentz trans-
formation, like time dilation and Lorentz contraction, are, of course, valid.

3. Velocity, Acceleration, and Proper Time
Let the forward difference operator A at time f be defined as usual by
AF(ky=F(k +1)—F(k)
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Assume that particle P is in motion in the lab frame and at time 7, is at
(X%, Y, 21 )- Then Ps velocity v and acceleration a; at time #; are defined by

Axy Avl, k
v — a T
Lk Az, 1,k Aty
AJ’k AU2, k
Ve = | 2,k |7 Xt,: ’ G = @,k |7 Aty 3B.1D
Az
U3, & Ar a3,k Bug, i
k Aty

By the principle of relativity, P’s velocity vi and acceleration a; in the rocket
frame at time #; are defined by

vl A AX']’C 2 AU;,[, k
1, hrond
Aty 1Lk A,
' '
' ' _ Ayy - _ sz,k
Ve =1 Usk = KZT » ay = aé, I3 e -—m (32)
k
' AZ],C ' Avs, k
U3 k& Kf-' a3 i mAI’;
k

The respective magnitudes v, vk, ax, ax Of Vi, Vi, 2, ay are defined in the
customary way by

2_.2 2 2 212 12 12
v =uy kT Us K TV g w =uptoiptusly (3.3)

2 - 12 12 L 12 12
= al=a‘ g tal tas’y  (34)

al=al a3kt b
The quantity 7z, defined in the lab frame by

2 2 _ zk2)1/2 (35)

-2
T = (2 —xi® — yi

is invariant under & since
2.2 12 12 TN (242 2 2 2
(2 —x 2 — i — D) = (Pt —xa’ =y’ — z’)

When
Czl’kz - sz wykz — Zk2 >0 (36)

1% is called the proper time of event (xg, Vi, Zx, fx), and, throughout, we assume
that (3.6) is valid for all &. The quantity &7, defined by

857 = [e(AteY — (D) — (Aye)? — (Azg)*] V2 (3.7)
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is, similarly, an invariant of % and is called the proper time between successive

events (Xg, Vi, Zk, t) and (¥ + 1 Vi + 1> Zk + 1> f + 1) Throughout, we assume
that, in (3.7),

AR — (Ax)* — (&) — (Azg)* > 0 (3.8)
or, equivalently, that vy < ¢, since (3.8) implies

Ax, A Az
2 _ |27k Yk Kl . 2 2
c (Azk) (Azk) (Atk) cf—uy> 0

Note that 87, # A7, and 87, # dry,. For later convenience, observe also that
81 = Aty [c? — v 1 Y? = At [c? - v 22 (3.9)
Finally, note that
o)k = Pkt Lpvg, it Lpvs i+ Fa
" Lavr kt Lkt Lasva it Laa

from which it follows that v, does not transform into v the way r; transforms
into ry. This is the basis of the usual statement that v is a vector in space, but
not in space-time.

In Minkowski coordinates, (3.5) can be rewritten as

=123 (3.10)

=13 [0 )P (3.11)
i=1
while (3.7) becomes
4
51 = {3 [—(Axy 0?1312 (3.12)
i=1

and we define 4-velocities, or world velocities, and 4-accelerations, or world
accelerations, in the following way: In Minkowski space, any quantity that has
four components and is given in the lab frame by, say,

w={ ™2

and in the rocket frame by, say,

is called a 4-vector if

W =LW (3.13)
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The prototype 4-vector in Minkowski space is, of course, Ry, given by (2.8).

Now, suppose particle P is in motion and in the lab frame it is at (xg, yx, 2¢)
at time #; while in the rocket frame it is at (xz, vz, z) at the corresponding
time #z. At time #;, in the lab frame, we define P’s Minkowski 4-velocity Vi
and Minkowski 4-acceleration Ay by

Vi & A’H, k AVI, k
L 6T 87k

Ax k AVZ k
V. 2, 3

v~ 2,k 575 _ 87y 3.14)
k V. . B Ax3, k ’ AVS, k ’

3 67'k 5Tk

% Ax4, k AV4, k
4 K 6Tk 8716

By the principle of relativity, and recalling that 8, is invariant, V and A%
are defined by

AX"L k AVI', k
57y 8Tk

Ax';’ k AVzI’ k

_ 5Tk - 67'k (3 15)

A |’ AV, ‘
67y o7

Ax:;, k AVI;, k
8Tk BTk

Direct computation with (3.13) reveals easily that both Vi and Ay are
4-vectors. The relationship between components of v and the first three
components of Vy, can be established readily from (3.1), (3.9), and (3.14).
Similar connections can be established between a; and the first three
components of Ag.

The magnitude ¥V of Vy, is defined by

4
j=1

An analogous definition holds also for (¥;)?. Note that (3.12) and (3.16)
imply

V2 =—1 (3.17)
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Thus, since (3.17) is valid for all £, the concept of 4-velocity, though geomet-
rically convenient, is more restrictive physically than the three-dimensional
velocity concept given by (3.1).

For completeness, let us show finally that

(Ve)* = (Ve)?
the validity of which follows since

UDIUD)

4 4
= ( 2 ijVm,k)( > Lj,,V,,’k)
j=1\m=1 n=1

4 4
= E_: E anVm,nVn,k

4
2 (Vip?=
j=1

Note that 4-vectors with respect to space-time coordinates xy, yx, zx, fx can
also be defined easily merely by replacing L with & in (3.13).

4. Momentum and Energy

We proceed now under the assumption that, without the presence of an
external force, the interaction of two particles conserves linear momentum.,
To be precise, let particle P of mass m be in motion in the lab frame. At time
t, the linear momentum pg of P is defined by

Pr =MV 4.1)
Similarly, in the rocket frame, let
pr =mvi 4.2)

The validity of momentum conservation follows (Taylor and Wheeler, 1966,
pp. 101-110) if we require that in the lab frame

B My
e o
and, at the corresponding time in the rocket frame,
em,
m = e (4.4)

 ~uHP

where my is a constant called the rest mass of P.
We continue then by assuming the validity of (4.3) and (4.4).
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The total energy E of particle P of mass m is defined by
E =mc? 4.5)

Extensive experimental evidence now exists (Feyman, 1963, p. 15-11) to
support the validity of (4.5), and the usual formula for rest energy E, = moc?
follows readily.
To establish a relationship between momentum, energy, and rest mass,
note that (4.1) and (4.3) imply
Eg = p2c? + myc*

where p;, is the magnitude of py.

5. The Energy Momentum 4-Vector

Thus far we have not placed particular emphasis on any special units of
measurement. In this connection, we will now be relatively more specific in
the following way. Let

E*=FE/c? (5.1

be a normalized energy in the sense that the units of £ * are units of mass.
Then, from (4.5) and (5.1),

E*=m (5.2)
Our present purpose is to show that the quantity

mvl, k

mvz, k

mv3’ k

E*
is a 4-vector, called the energy momentum vector, with respect to .Z. To do
this observe that, with the help of (3.9), (4.3), and (4.4), one has

cmpAxy,
muy, k " (cz - vk2)1/2 Aty
cmo Ay,
muy, k muvy g (c? — ka)l/?. Aty
g =& = emoAzy =
mus, g mus, g (Cz _ Uk2)1/2 Aty
e
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Mg My '

t 1!
— — mv
S 87y k Lk
cmy cm
___A —_S) 7 :vi
aTk Vi BTk Ayk muvs, g

g = =

Chg Chig
— Azy — Az, mivy
51y 87k ’
cm, cm
-0 Aty -2 At;c m
Oy 81y

and the assertion is proved.

6. Dynamics

Next, we examine possible relativistic extensions of Newton’s second law
and the invariance [called symmetry by some authors, as in Feyman (1963),
and covariance by others, as in Schwartz (1968)] of such extensions under
the Lorentz transformation.

1t is an unfortunate mathematical consequence of continuous special
relativistic theory (Bergmann, 1942, pp. 103-104) that the simple Einstein
generalization

d
F = 6.1
=) ©6.1)
does not, in general, transform under .% into
! d rt
F :"i?, (mV) (6-2)

although, interestingly enough, if both the particle and the rocket frames move
in the same direction, then, indeed, does (6.1) transform into (6.2). To resolve
this failure of the principle of relativity with respect to (6.1), two approaches
have been followed. First (Arzelies, 1966, p. 268; Schwartz, 1968, p. 63), one
can proceed under the approximating assumption that if a rocket frame were
attached to P, so that it can have accelerated motion, and if at time ¢ the
velocity of P is v, then one can treat the rocket frame at time ¢ as being
instantaneously in uniform relative motion with velocity v with respect to the
lab frame. Indeed, such an assumption is tacitly made in the “clock paradox”
(Arzelies, 1966, p. 63). Second (Bergmann, 1942, pp. 103-104; Muithead, 1973,
p. 86; Synge, 1965, pp. 165~167), one can formulate equations of motion
directly in Minkowski space.
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To develop the arithmetic analogs of the concepts and results described
above, we will assume in Minkowski space the dynamical difference equation
Alogmy) (Vis 1 + Vk)

Fi = ogpmp Ay — ( QM =My (6.3)

5Tk 2

and in space-time a relative projection (Synge, 1965, p. 167) of the form
ka = 6‘2 [mkAkp - (Amk/ﬁfk)Vk”] (64)

where ¢ has replaced ay in (6.3), where mass m at time # is denoted by my
for computational convenience, and where the superscript p denotes the
dropping of the fourth component of the given quantity. Note that (6.3) is
analogous to the expanded form

F=ma+ dm
= V_
dt

of (6.1) except for the sign between the terms. However, one can redefine Vj
readily to yield agreement of signs also.

Let us show first that (6.4) is invariant under % provided that P and the
rocket frame have velocities in the same direction. To do this, let us choose
the lab frame and rocket frame coordinates so that motions are in the X direc-
tion only. Our problem then is to show that

Fix= c? [y, — (Am/8Ti)V1, 1] (6.5)
and
Fi i = ¢? [miAY, k— (Ampf8Ti) V7 i] (6.6)
imply that
Fi o =Fix

From (6.5), then,
Fy, e = (28 [V, kv 1 — M 1 V1, i
Now, under the present assumptions, (3.9) is valid, that is,

&1y = Atk{cz — vkz} 172

so that
YA
g = ity
(STk
Thus,
CHy,
F = my V. -~ V. k
1,k mOAtk( KV, k+1 K+ 1V1, %)

= c?my, {(Axk + 1187k + D OTr & 1/AT + 1)— Qo /8T (8 T1/AL)
O/ ALy) (BTre+ 1/A8 + 1) Aty
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so that
c*my Avy g
R TP E A (©7)
Hence,
Fyp = —s i cim;c ; - Avy
[(c® ~ v (e® —vi+1)] Aty
c3my Avy
B (€ — v ) (c? — vk )P Ay
3my Avy i

- (CZ N v}'{Z)(CZ _U;CZ*'I 12 Afllc

cmy Avy g

T — o) (e — v D] Ag

=F { x
and the invariance is established.

Note that as Aty ~ 0, (6.7) reduces to the special form

of
d
F= Ef}(mu)

In Minkowski space there is a basic problem in the study of (6.3), which
will be written now as

Fp =mpAy — — 5 (6.8)

AV Vk+ 1t Vi
57'](

Indeed, equations (3.7} and (6.8) constitute nine equations for the eight
quantities x; g+ 1, ¥} x+1,7 = 1,2,3,4, a type of complexity which did not

exist when considering (6.4) in Cartesian three-space (Synge, 1965, p. 166).

In Minkowski space, then, one is forced to generate another unknown quantity,
and the only candidate is the rest mass . So, for the present, we must continue
under the assumption that m depends on time through Fy. Under this assump-
tion, by taking inner products of both sides of (6.8) with (Vx + | + V¢)/2 and

by using (3.14) and (3.17), one finds

Fk_(Vku*Vk): AmO(Vk+1+Vk)'(Vk+1+Vk) (6.9)

2 57y 2 2
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If one then chooses Fy in such a manner that

V, +V,
. (-_2_)0 6.10)

then, from (6.9), one can always choose Amg = 0. Thus, restricting attention
to forces which satisfy (6.10) yields

Fy = moAg 6.11)

which is covariant under the Lorentz transformation and is completely analogous
in structure to Newton’s equation of motion.

Condition (6.10) restricts attention to forces that are orthogonal to the
average velocity of a particle in motion. In the limit, it requires the force to be
orthogonal to the particle’s instantaneous velocity. This is, of course, the case
in the most important application of special relativistic mechanics, that is, to
the study of the motion of a charged particle in an electromagnetic field.

Note, also, with regard to (6.11), that for the special case Fy = 0, one has

-V,
me Verr = Vi (6.12)
8Tk
so that
Vi =V, k=012,... (6.13)

But, (6.13) implies
M=V0,k=0,1,2, o
6Tk

so that
k-1

Ry =Ry +V, 3 67, k=0,12,...
j=o

which is lineal in Minkowski space.

7. Computer Examples
Cousider first a particle P whose motion is one-dimensional, say, along an
X axis, and is governed by the particular equation

d
= (mo) = —x, >0 (7.1)

In anology with the Newtonian case, where m is constant, P is called a relativ-
istic harmonic oscillator. We propose to study the initial value problem defined
by (7.1) and

x(0)=x4 =0, v(0) =1y, (7.2)
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To do this, let us first rewrite (7.1) in the equivalent form

cm dv _

2 _p2dt
Then, for Az> Oand f, = kA, k=0,1,2, . . ., we approximate (7.3) by the
difference equation

—x, >0 (7.3)

2
cmy Vg+1 — U _

= Xk (7.4)
(€ - vd) (€ — v DI trer —t
which is Lorentz invariant. Lab and rocket caiculations are then related by
2.5).
In order to proceed with the computer implementation, let us first simplify

our formulas by adopting the absolute units mgy = ¢ =1. Using (7.4), we may
then write the position and velocity formulas in the equivalent forms

Xp+1 =Xkt (At)vk (75)
o — (ANl — o )P [1 +x A1 - wd)] V2
1 +x 28841 — u%)?

(7.6)

Vg +1

and generate the motion recursively from initial conditions (7.2). This was
done for 30,000 time steps with Az = 107 for each of the cases v = 0.001,
0.01, 0.05,0.1,0.3,0.5,0.7, 0.9. The FORTRAN program is given in
Appendix 1 of Greenspan (1975) and the total running time on the UNIVAC
1110 was under 2 min. Figure 1 shows the amplitude and period of the first
complete oscillation for the case v, = 0.001. For such a relatively low velocity,
the oscillator should behave like a Newtonian oscillator, and, indeed, this is
the case, with the amplitude being 0.001 and, to two decimal places, the
period being 6.28(~2n). Subsequent motion of this oscillator continues to
show almost no change in amplitude or period. At the other extreme, Figure 2
shows the motion for v = 0.9, which is relatively close to the speed of light.

X
4

0.0014  Leemel, )

-0.001 e -

Figure 1
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Figure 2

To two decimal places, the amplitude of the first oscillation is 1.61 while the
period is 8,88. These results are distinctly non-Newtonian, and to 30,000 time
steps, these results remain constant to two decimal places but do show small
increments in the third decimal place. Finally, in Figure 3 is shown how the
amplitude of a relativistic oscillator deviates from that of a Newtonian
oscillator with increasing vq,.

We next turn to motion in more than one dimension. Consider, in particular,
the motion of an electric charge ¢ moving in the X~Y plane under the influence
of a magnetic field which acts in the direction of the Z axis. Assume that in the
X-Y plane the force acting on the charge is

F = (eflv,, — eHvy) 7.7

where v is the speed of the charge and H is the intensity of the field. The
relativistic differential equations of motion are

d
3 (mvy) = eHv, (7.8)

d
& (muvy) = —eHuy, (7.9)



THE ARITHMETIC BASIS OF SPECIAL RELATIVITY 571

Amplitude of the
first oscillation

1.6 ¢+

1.4

1.2

1.0 Relativistic case

0.8
Newtonian case
0.6 1

0.4 1

0.2

> V0
0.2 04 0.6 0.8 1.0

Figure 3

If H is uniform, then (7.8) and (7.9) can be solved analytically (Synge, 1965,
p. 171) to yield circular motion. If H is not uniform, then, in general, (7.8) and
(7.9) cannot be solved analytically.

Using absolute units my = ¢ = e = 1, let us begin with the general numerical
approximations

F, = o Uk +1,x — Vk,x
k,x — ’
R (R Y M I e Aty

Fp, = My Vg+1,y — Uk, y
SN (T N | R e Aty
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or, equivalently,
F .= Uk+1,x — Vk,x ) Fp,= Vk+1,y — Uk, y
T AR =) (L=t ) YAl -y (1 — v} PV
(7.10)

where, of course,

X+ 1 =X +og, x Db, Yie+1 =Y T v, yAly (7.11)

Then (7.7) and (7.10) yield the following approximations of (7.8) and (7.9):
U+ 1,x — Uk,x — Hvk,y(1 - ”I%,x - ”I%,y) (1- ”Ig+ 1,x Uk2+ l,y)lﬁAfk =0
(7.12)
Ukt 1,y — U,y T Hog x(1 — 08 x — 08 3) (1 — 04 1,5 —vE41,,)PAB =0
(7.13)

From (7.10), (7.12), and (7.13), one can construct readily, as described in
Section 6, a related 4-force and a related set of Lorentz invariant dynamical
difference equations in Minkowski 4-space. The numerical computations,
however, are done more simply in Cartesian space using (7.11)-(7.13), so we
continue to concentrate on these.

Let us consider the particular initial conditions

Xo =Yo =vg,x =0, vg,y = 0.01 (7.14)

For the parameter choices Az = 0.0001 and H = 100, Figure 4 shows the
resulting circular trajectory T} with center at (0.0001, 0), radius r = 0.0001,
and period 7 = 0.063, in complete agreement with the analytical solution
(Synge, 1965, p. 171). Equations (7.12) and (7.13) are solved at each step by
Newton’s method with the velocity components at the previous time step
being used to initiate the iteration. A comprehensive FORTRAN program for
this example and for the one that follows is given in Appendix 2 of Greenspan
(1975).

Consider next the initial value problem defined by (7.11)-(7.14), butin a
nonuniform magnetic field with a “1/r*”" intensity given by

100

H= M a>0 7.15
1+a(x? +y?) (7.15)

Of course, for @ = 0, (7.15) reduces to the uniform case above, where H = 100.
For the parameter choices A¢ = 0.0001 and « = 107, the resulting particle
trajectory T, is shown also in Figure 4. The particle motion is initially similar
to the circular motion of the first example, but as (x? +y?) increases and
decreases, the varying effect of H results in the spiral type motion shown up to
t =0.2 in the figure.

Increasing the input parameter vp ,, in both the above examples reveals
quickly the price being paid for computational Lorentz invariance, for the
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Y

h
0.0003

g
Ty
~0.0003 0.0003 X
-0.0003
Figure 4

numerical formulas being used are of relatively low order and suffer from

the usual shortcomings of such formulas. Thus, increasing vy, t0 0.1 in (7.14)
results in having to reduce At to 1077 to obtain reasonable accuracy on the
UNIVAC 1110. Also, even for initial data (7.14}, extended calculations with
At =0.0001 yield the inevitable, relatively large error accumulation associated
with low-order methods. A most interesting and relevant question, then, which
remains unanswered as yet, is whether or not there exist higher-order, Lorentz
invariant numerical formulas.

References

Arzelies, H. (1966). Relativistic Kinematics (Pergamon, New York).

Bergmann, P. G. (1942). Introduction to the Theory of Relativity (Prentice-Hall, Engle-
wood Cliffs, New Jersey).

Cadzow, J. A. (1970). International Journal of Control, 11, 393.

Feyman, R. P., Leighton, R. B., and Sands, M. (1963). The Feyman Lectures on Physics,
Vol. I (Addison-Wesley, Reading, Massachusetts).



574 DONALD GREENSPAN

Greenspan, D. (1974). Bulletin of the American Mathematical Society, 80, 553.

Greenspan, D. (1975). “Lorentz invariant computations”, Report No. TR 251, Depart-
ment of Computer Science, University of Wisconsin, Madison.

LaBudde, R. A., and Greenspan, D. (1974). Journal of Computational Physics, 15, 134.

Mehta, P. K. (1967). AIAA Journal, 5, 2242.

Miller, R. H., Prendergast, K. H., and Quirk, W. J. (1972). “Numerical experiments in
spiral structure”, Report No. CO0-614-72, Institute of Computer Research,
University of Chicago.

Muirhead, M. (1973). The Special Theory of Relativity (Wiley, New York).

Pasta, J. R., and Ulam, S. (1959). MTAC, 13, 1.

Schwartz, H. M. (1968). Introduction to Special Relativity (McGraw-Hill, New York).

Synge, J. L. (1965). Relativity: The Special Theory (North-Holland, Amsterdam).

Taylor, E. F., and Wheeler, J. A. (1966). Spacetime Physics (Freeman, San Francisco).



